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Abstract. In this short note we show that the uniform a&c-conjecture over number 
fields puts strong restrictions on the coordinates of rational points on elliptic curves. For 
the proof we use a variant of the uniform a&c-conjecture over number fields formulated by 
Mochizuki. As an application, we generalize a result of Silverman on elliptic non-Wicfcrich 
primes. 



If E/Q is an elliptic curve in WeierstraB form and P G E(Q) \ {O}, where O is the point 
at infinity, then it is well known that we can write 



where ap, bp, dp G Z satisfy gcd(dp, apbp) = 1. 

The structure of the denominators dp has been studied, for instance, by Everest-Reynolds- 
Stevens [ERS07J, and has recently received increasing attention in the context of elliptic 
divisibility sequences first studied by Ward |War48j . see for instance [EEWOlj or |Reyl2b| 
and the references therein. In this paper we make the following conjecture, where rad(ra) 
denotes the product of distinct prime divisors of an integer n. 

Conjecture 1.1. Let E/Q be an elliptic curve in Weierstrafi form. For all e > there 
exists a constant c e such that 



max |- log \ap\, log \dp\ j < (1 + e) lograd(<ip) + c e 
for all P G E(Q)\{0}. 

Remark 1.2. A strong form of Siegel's Theorem implies the weaker inequality 



1. Introduction 





-log|a P | < (1 + e) log |cf P | + 0(1) 



see for example |Sil8(i. Example IX. 3. 3]. 
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Our main theorem relates Conjecture to the uniform a&c-conjecture over number fields. 



Theorem 1.3. Conjecture 1.1 follows from the uniform abc- conjecture over number fields. 



Remark 1.4. It is straightforward to generalize both Conjecture 1.1 and Theorem 1.3 to 



arbitrary number fields. For ease of notation we restrict to the rational case here. 

Remark 1.5. Mochizuki |Mocl2j has recently announced a proof of the uniform a&c-conjecture 
over number fields. 



We now list some consequences of Conjecture 1.1 



Proposition 1.6. Suppose that Conjecture 1.1 holds and let E/Q be an elliptic curve in 



Weierstrafi form. Then the set of all P G E(Q) \ {0} such that the squarefree part of dp 
is bounded is finite. 



If the bound on the squarefree part of dp in Proposition 1.1 is 1, then we get a conditional 
proof of Siegel's Theorem that there are only finitely many integral points on E, and we 
can also deduce: 



Corollary 1.7. Suppose that Conjecture 1.1 holds and let E/Q be an elliptic curve in 



Weierstrafi form. Then the set of all P G E(Q) \ {0} such that dp is a perfect power is 
finite. 

Remark 1.8. It is shown in [ERS07, Theorem 1.1] that for a fixed exponent n > 1, there 
are only finitely many P G E(Q) \ {0} such that dp is an nth power. According to [ERS07, 
Remark 1.2], the uniform a&c-conjecture over number fields implies that for n ^> 0, there 
are no P G E{Q) \ {0} such that dp is an nth power. Together, these results also imply 
that the finiteness of the set of P G E(Q) \ {0} such that d P is a perfect power is a 
consequence of the uniform a&c-conjecture over number fields. However, a direct proof of 
the assertion from |ERS07j Remark 1.2] has not been published and, according to Reynolds 
|Reyl2a ,|, is rather complicated. 



Another application of Conjecture |1.1 concerns elliptic non-Wieferich primes. For a prime 



p, we define N p := #E(W p ). If P G E(Q) is non-torsion, let 

We,p '■= {p prime : N p P ^ O (mod p 2 )} 

be the set of elliptic non-Wieferich primes to base P. The following result is due to 
Silverman. 

Theorem 1.9. (Silverman, |Sil88|. Theorem 2]) Assume that the abc- conjecture (over Q) 
holds. If an elliptic curve E/Q has j-invariant equal to or 1728 and if P G E(Q) is 
non-torsion, then 

(1) \{p G W E , P :p<X}\> y/log(X) + EjP (l) as X -> oo. 
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This is the analogue of |Sil88| Theorem 1] , giving an asymptotic lower bound (dependent on 
the a&c-conjecture over Q) for the number of classical non-Wieferich primes up to a given 
bound. In particular, this proves that the a&c-conjecture over Q implies the existence of 
infinitely many elliptic non-Wieferich primes to any base P G E(Q) if j(E) G {0, 1728}. 
See |Vol00] for further results concerning elliptic non-Wieferich primes. 



If we assume Conjecture 1.1 instead of the a&c-conjecture over Q, we can eliminate the 



condition on the j-invariant of E. 

Proposition 1.10. Assume Conjecture and let E/Q be an elliptic curve. Then Q 
holds for every non-torsion P G E(Q). 



In Section [2] we recall work of Mochizuki from |MoclO] , which we use in Section [3] for 



the proof of Theorem L3 We prove Proposition L6 in Section [4] and Proposition |1.10| in 
Section HI 
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2. MOCHIZUKI'S HEIGHT INEQUALITY 

In this section, we define Mochizuki's log-conductor function |Mocl0l §1] and state his 



Conjecture 2.3. We assume some familiarity with the basics of Arakelov theory, see for 



instance |Sou97l 

Let K be a number field, let X be a smooth, proper, geometrically connected curve over 
K and let D be an effective divisor on X. Extend X to a proper normal model X which 
is flat over Spec(Ox) and extend D to an effective horizontal divisor T> G Div(A'). We 
can define a function log-cond^-p on X(K) as follows: Let P G X(K) and let F be a 
number field containing P. Then P induces a morphism V : Spec(CV) — > y, where y is 
the normalisation of X x Spec(C^) and we define 

log-cond^(P) := |^Qjdei; ((V*V) Icd ) G R, 

where deg F is the arithmetic degree of an arithmetic divisor on Spec(O^). 

Remark 2.1. Note that up to a bounded function, log-cond^-p only depends on X and D 
(see jMoclOl Remark 1.5.1]). 

Remark 2.2. Alternatively, we could define the log-conductor function as follows: Extend 
X to a proper regular model X over Spec((9^) and D to an effective horizontal divisor 
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T> G Div(A'). Let 7r : X' — > X x Spec(0p) be the minimal desingularization and let 
P G Div(A' / ) be the Zariski closure of P. Then we define 



log-cond^(P) := |^Qj^logiVm(p) G 



where S is the set of finite primes of F such that the intersection multiplicity (P, Tt*T>) v ^ 0. 
Then it is easy to see that log-cond^ v = log-cond'^ -p +0(1). 

The following variation of Vojta's height conjecture is due to Mochizuki: 

Conjecture 2.3. (Mochizuki, [MoclOt §2]j Let X be a smooth, proper, geometrically 
connected curve over a number field K. Let D C X be an effective reduced divisor, 
Ux '■= X \ snpp(D), d a positive integer and ux the canonical sheaf on X . Fix a proper 
normal model X of X which is flat over Spec(0^-) and extend D to an effective horizontal 
divisor T> on X. Suppose that ux{D) is ample and let h UJx ^ be a Weil height function on 
X with respect to ux(D). 

If e > 0, then there exists a constant c e ^x,v such that 

K X {D){P) < (1 + e) (logdisc(A;(P)) + log-cond^(P)) + c eAX>v 

for all P G X(K) such that [k(P) : Q] < d, where k(P) is the minimal field of definition 
of P (as a point over Q). 



Remark 2.4. Mochizuki [MqcTUJ Theorem 2.1] proves that Conjecture 2.3 follows from the 
uniform a&c-conjecture over number fields. 



3. Proof of Theorem 11.31 



Proof: We specialize Conjecture 2.3 to the case K = Q, X = E, d = 1 and D = (O). Let 
P G E(Q) \ {O}; then we have 

K B {D){P) = h D {P) = max|^log|a P |,log|dp|| +0(1). 

In order to compute the log-conductor of P we consider the model X over Spec(Z) deter- 
mined by the given Weierstrafi equation of E and extend D to T> G Div(A') by taking the 
Zariski closure. Then a prime number p lies in the support of V*T> if and only if p \ dp 
and hence we get 

log-cond A .- D (P) = lograd(<ip). 

Therefore Conjecture 2^ implies Conjecture |1.1[ Using Remark 2A, this finishes the proof 
of the theorem. □ 
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4. Proof of Proposition 11.61 

Proof: Let < e < 1 be small and let c t be the corresponding constant from Conjec- 
ture |TT] Suppose that P G E(Q) \ {0} satisfies 

n 

dp = <f P -l[tf, 

i=l 

where d' P is squarefree, pi, . . . ,p n are primes and ti, . . . , t n are integers such that ti > 1 for 



all i. Then, according to Conjecture 1.1, we must have 



yfoi - 1 - e) log pi <c e + e log d' P 



i=l 



This implies that if d' P is bounded from above, then ^2i=x(U — 1 — e) logpi is bounded from 



above as well. Hence dp is bounded from above, as is the height of P by Remark 1.2 This 



proves the corollary, as there are only finitely many P of bounded height. □ 



5. Proof of Proposition 11.101 

Let E/Q be an elliptic curve in Weierstrafi form and let P G E(Q) have infinite order. 
Note that the only place in Silverman's proof of Theorem 1.9 where the assumption j(E) G 
{0, 1728} is invoked is in the proof of [SilSHl Lemma 13]. For Q G E(Q) \ {0} we write 



g?q = d'q ■ vq, where d'q is as in the proof of Proposition 1.6). 

In order to deduce the statement of |Sil88|. Lemma 13], it suffices to show that for all e > 
there exists a constant c' e such that 

logf„p < e\og(d nP ) + c' t 

for all n > 1. If we assume Conjecture |1.1[ then we can in fact prove a stronger result: 

Lemma 5.1. Assume Conjecture \1.1\ Then for all e > there exists a constant c' e such 
that 



logOg) < elograd(ciQ) + c' e . 



for all Q G 



\{o}. 



Proof: Let e > 0, let e' = 2e and let c e > be the constant from Conjecture IT Since 

< e'lograd(dQ) + c e > 



d'n = rad(dg), Conjecture 1.1 predicts 

V Q 



(2) 



log 



rad(u Q ) 
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for any Q G E(Q) \ {0}. But since, by construction, vq is not exactly divisible by any 
prime number, we also get 



log racing) < log 



V Q 



rad(v Q ) 

The latter is at most e' lograd(fiQ) + c e / by (j2]). Rewriting (]2]), we conclude 
logfQ < 2e'lograd((iQ) + 2cv = elograd^Q) + 2c t >. 

□ 
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